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1. INTRODUCTION
One of the most important problems of vector optimization is to inves-
tigate the topological structure of efﬁcient and proper efﬁcient point sets.
Among the topological properties of these sets, connectedness and con-
tractibility are interesting and have been widely discussed (see [1–2, 4–5,
7–15, 17–24]).
In [19], Luc constructed a continuous function g from X to R, which is
increasing and level-strictly convex on X on the condition that the ordering
cone has a bounded base and the normed space X has a strict norm. With
the aid of this function, Luc discussed the contractibility of the efﬁcient
point set of a convex set.
It is a stringent condition that the ordering cone has a bounded base.
For example, the spaces IpLp1 < p < +∞ Ca b c, and co
are normed spaces, whose positive cones do not have bounded bases.
The main aim of this paper is to develop a new method which makes
it possible to establish the contractibility result of an efﬁcient point set
and the path connectedness result of a Henig efﬁcient point set with the
ordering cone having no bounded base.
The paper is organized as follows. Section 2 is devoted to the construction
of a norm on X, which is strictly convex on X and is strongly monotonically
increasing on ordering cone C. With the aid of this norm, we establish in
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Section 3 the contractibility of the efﬁcient point set of a convex set, on
the condition that the space is a separable normed space and the ordering
cone C is a normed cone. In Section 4, by using the result in Section 3, we
discuss the path connectedness of the Henig efﬁcient point set. In the last
section, by using Michael’s selection theorem, we give a path connectedness
result about FA.
2. EXISTENCE OF A STRICTLY CONVEX AND STRONGLY
MONOTONICALLY NORM
The key argument in a discussion of the contractibility of an efﬁcient
point set is to construct a strictly convex and strongly monotonic function.
In this section, we will develop a useful method to construct it.
Let X be a real normed space and let X∗ be its topological dual space.
Let C be a closed convex cone in X and let C∗ be its dual cone deﬁned by
C∗ = 	f ∈ X∗  f x ≥ 0 for all x ∈ C
We adopt the following notations and conventions. Suppose that A
is a subset of X; the cone generated by A is denoted by coneA, i.e.,
coneA = 	λa  λ ≥ 0 a ∈ A; intA denotes the interior of A; and
clA denotes the closure ofA. Cone C is called pointed if C ∩ −C = 	0.
A nonempty convex subset B of the convex cone C is called a base of C,
if C = coneB and 0 /∈ clB. Given a cone C ⊂ X, the cone C induces a
partial ordering: x ≤ y iff y − x ∈ C.
A closed convex pointed cone C is called normal if there is a positive
constant M such that 0 ≤ x ≤ y implies x ≤My.
A function f  X → R is called strongly monotonically increasing on C,
if for each y ∈ C, x ∈ y − C ∩ C, x = y implies f x < f y.
Let  ·  be a norm on X.  ·  is called strictly convex if for each x y ∈
Xx = y with x = y = 1, implies x+ y < x + y.
Theorem 2.1. If X is a real separable normed space and C is a normal
cone, then there exists a norm gx on X satisfying the following properties:
(i) g is continuous on X;
(ii) g is strongly monotonically increasing on C;
(iii) g is strictly convex on X.
Proof. Let U∗ be a closed unit ball in X∗. Since X is separable, U∗ is
weak∗-metricizable (see [16, p. 25]). As U∗ ∩ C∗ is a weak∗-compact subset
of X∗, it is weak∗-separable. Let 	f1 f2    be a countable weak∗-dense
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subset of U∗ ∩ C∗. We deﬁne the functional f0 X → R with
f0x =
∞∑
n=1
fnx
2n+1
for all x ∈ X
From the proof of the Krein–Rutman Theorem, we can get that f0 is well
deﬁned, f0 ∈ U∗ ∩ C∗, and f0x > 0 for all x ∈ C\	0 (see [16, p. 86]).
Now we deﬁne the mapping
Tx =
{
f0x
2

f1x
22
    
fnx
2n+1
   
}
 x ∈ X
Since fn ∈ U∗ for n = 0 1 2     Tx ∈ I2 and T is a bounded linear oper-
ator from X to I2.
We show that T is one to one. If Tx = 0, then fnx = 0, for n =
0 1 2   . For each ϕ ∈ U∗ ∩C∗, since 	f1 f2    is a weak∗-dense subset
of U∗ ∩ C∗ ϕx = 0. Since C is normal, C∗ is reproducing, that is, C∗ −
C∗ = X∗. Therefore there exists a δ > 0 such that
U∗ ∩ C∗ −U∗ ∩ C∗ ⊃ δU∗
(see [6, p. 219]). Hence, for each f ∈ X∗, there is r > 0 such that f/r ∈
δU∗ ⊂ U∗ ∩ C∗ − U∗ ∩ C∗, and we have f/r = ϕ1 − ϕ2, where ϕ1 ϕ2 ∈
U∗ ∩ C∗. Thus f x/r = ϕ1x − ϕ2x = 0, and hence f x = 0. By the
arbitrariness of f ∈ X∗ x = 0. We associate operator T with a functional
deﬁned by
gx = Txl2 for all x ∈ X
It is evident that g is a norm on X since the bounded linear operator T
is one to one. Since gx ≤ Tx for all x ∈ Xg is continuous on X.
For each y ∈ C and x ∈ y − C ∩ C with x = y, we have y − x ∈ C\	0.
From the fact that 0 ≤ fnx ≤ fny for n = 1 2   , and 0 ≤ f0x <
f0y, we get
gx = Txl2 =
( ∞∑
n=0
fnx2
22n+1
)1/2
<
( ∞∑
n=0
fny2
22n+1
)1/2
= Tyl2 = gy
This means that gx is strongly monotonically increasing on C.
For each x y ∈ Xx = y with gx = Txl2 = gy = Tyl2 = 1, by the
strict convexity of  · l2 and Tx = Ty, we have
gx+ y = T x+ yl2 = Tx+ Tyl2 < Txl2 + Tyl2 = gx + gy
Hence gx is a strictly convex norm on X. The proof is completed.
468 xunhua gong
Proposition 2.1. Let  ·  be a norm on a linear space X. Then the fol-
lowing assertions are equivalent:
(i)  ·  is strictly convex.
(ii) For each x y ∈ X, the equation x+ y = x + y holds if and
only if either y = 0 or x = αy for some α ≥ 0.
(iii) For each x y ∈ X, with x = y, implies
λx+ 1− λy < max	x y for each λ ∈ 0 1
Proof. The fact that (i) and (ii) are equivalent is well known. Now we
assume that (ii) holds, and we show (iii). Let x y ∈ X with x = y. We
consider the following two cases.
Case x > y. We have
λx+ 1− λy ≤ λx + 1− λy < λx + 1− λx
= x = max	x y for all λ ∈ 0 1
Case x = y. In this case, we have
λx+ 1− λy ≤ max	x y
Assume that there exists some λ0 ∈ 0 1 such that
λ0x+ 1− λ0y = max	x y = x (1)
If x = 0, then x = 0 = y. This contradicts x = y.
If x = 0, by (1),
λ0x+ 1− λ0y
x = 1
that is, ∥∥∥∥λ0 xx + 1− λ0
y
x
∥∥∥∥ = 1 =
∥∥∥∥λ0 xx
∥∥∥∥+
∥∥∥∥1− λ0 yy
∥∥∥∥
In view of (ii), we have either 1− λ0y/y = 0 or λ0x/x = α1−
λ0y/y for some α ≥ 0.
From 1 − λ0 = 0 and 0 = x = y, we have 1 − λ0y/y = 0.
Therefore, λ0x/x = α1 − λ0y/y for some α ≥ 0. Note that 1 =
α1 − λ0/λ0, and we have x/x = y/y. Since x = y x = y. This
contradicts x = y. Hence, we have
λx+ 1− λy < max	x y for all λ ∈ 0 1
It is evident that (i) is also true if (iii) holds. The proof is complete.
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3. CONTRACTIBILITY OF THE EFFICIENT POINT SET
Let X be a topological vector space, let C be a closed convex pointed
cone in X, and let A be a subset of X. A vector x0 ∈ A is called an efﬁcient
point of A if
x0 − C ∩A = 	x0
The set of all efﬁcient points of A is denoted by EAC.
A set A ⊂ X is called contractible if there is a continuous single-valued
map H from A × 0 1 to A such that Hx 1 = xHx 0 = x0, for all
x ∈ A and some x0 ∈ A.
Let G be a set-valued map from a topological space X to a topologi-
cal space Y . G is said to be lower semicontinuous at x0 ∈ X if for any
y0 ∈ Gx0 and any neighborhood Uy0 of y0, there exists a neighborhood
V x0 of x0 such that
Gx ∩Uy0 =  for all x ∈ V x0
Let A be a nonempty subset of a real linear space X, and let some x¯ ∈ A
be given. The set A is said to be star shaped at x¯, if for each x ∈ A,
λx+ 1− λx¯ ∈ A for all λ ∈ 0 1
Deﬁnition 3.1. Let X be a topological vector space, let D be a
nonempty subset of X, and let C be a convex pointed cone in X. A point
x ∈ D is called an F-point of D, if for any open set U with x ∈ U ∩D+ C,
there exists a neighborhood W x of x, such that
W x ∩D ⊂ U ∩D+ C
The set of all of the F-points of D is denoted by DF.
The concept of the F-point of D was introduced by Fu in [9]. By using
this concept, Fu discussed the closeness of an efﬁcient points set. We will
use the concept for discussing the contractibility of the efﬁcient point set.
Fu proved the following two lemmas.
Lemma 3.1. (i) EAC ⊂ AF;
(ii) if A is a convex set, then intA ⊂ AF.
Lemma 3.2. Let X be a topological vector space, let A be a subset of
X, and let Gx = x − C ∩ A + C be a set-valued map from A + C to
A + C. Then Gx is lower semicontinuous at x0 ∈ A + C, if and only if
x0 ∈ A+ CF.
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Proof. The proof of Lemma 3.1 is easy. We give the proof of Lemma 3.2
as follows:
Assume that Gx is lower semicontinuous at x0 ∈ A + C. We say that
x0 must be an F-point of A + C. If not, then there exists an open set U
with x0 ∈ U ∩ A+ C + C. For each neighborhood W x0 of x0, there is
a x′ ∈ W x0 ∩ A+ C such that x′ /∈ U ∩ A+ C + C. Thus we can get
a net 	xα  α ∈ I ⊂ A+ C such that xα → x0, and xα /∈ U ∩ A+ C + C
for all α ∈ I. Therefore,
xα − C ∩U ∩ A+ C =  for all α ∈ I (2)
On the other hand, since x0 ∈ U ∩ A+ C + C, there is y0 ∈ U ∩ A+
C such that x0 ∈ y0 + C. We have y0 ∈ x0 − C ∩ A+ C = Gx0 and
y0 ∈ U . Since G is lower semicontinuous at x0, there is a neighborhood
V x0 of x0 such that
Gx ∩U =  for all x ∈ V x0 (3)
Since xα → x0, there is α0 ∈ I. When α ≥ α0, we have xα ∈ V x0. By (3),
Gxα ∩U = ; that is,
xα − C ∩U ∩ A+ C = 
which contradicts (2).
Conversely, let x0 ∈ A + CF. If Gx is not lower semicontinuous at
x0, then there exists y0 ∈ Gx0, and an open neighborhood U of y0, and a
net 	xα  α ∈ I ⊂ A+ C satisfying xα → x0 and
Gxα ∩U =  for all α ∈ I (4)
From y0 ∈ Gx0 = x0 − C ∩ A+ C and y0 ∈ U , we get
x0 ∈ y0 + C ⊂ U ∩ A+ C + C
Since x0 ∈ A+ CF, there is a neighborhood W x0 of x0 such that
W x0 ∩ A+ C ⊂ U ∩ A+ C + C
As xα → x0, there is α0 ∈ I. When α ≥ α0, we have
xα ∈ W x0 ∩ A+ C ⊂ U ∩ A+ C + C
Hence,
xα = yα + cα
where yα ∈ U ∩ A+ C cα ∈ C. This implies that
yα ∈ xα − C ∩ A+ C = Gxα
This with yα ∈ U implies yα ∈ Gxα ∩ U , which contradicts (4). Hence,
Gx is lower semicontinuous at x0.
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We also need the following lemma.
Lemma 3.3 (Jahn [16, Theorem 5.15]). Let A be a nonempty subset of
partially ordered linear space X with a pointed ordering cone C. Moreover, let
 ·  be a seminorm on X, and let elements xˆ ∈ X and x¯ ∈ A with
A ⊂ xˆ+ C
and
x¯− xˆ ≤ x− xˆ for all x ∈ A
be given. If the seminorm  ·  is strongly monotonically increasing on C, then
x¯ ∈ EAC.
Now we prove the main result of the section.
Theorem 3.1. Let X be a real separable normed space, and C be a nor-
mal cone. Assume that A is a compact convex subset of X, and there exists
xˆ ∈ X with A ⊂ xˆ+C. Furthermore, assume that A+CF is star shaped at
a ∈ A+ CF. Then the set EAC is contractible.
Proof. Let us deﬁne the set-valued map G from A + C to A + C, G1
from A to A, and h from A+ C to A+ C by means of the formulas
Gx = x− C ∩ A+ C x ∈ A+ C
G1x = x− C ∩A x ∈ A
hx = 	y ∈ Gx  gy − xˆ
= inf	gz − xˆ  z ∈ Gx x ∈ A+ C
where gx is a norm on X as mentioned in Theorem 2.1, which is strongly
monotonically increasing on C and strictly convex on X.
Since A is a compact set and A ⊂ xˆ + C, it follows from the strongly
monotonic increase of the norm gx on C that
hx = 	y ∈ G1x  gy − xˆ
= min	gz − xˆ  z ∈ G1x x ∈ A+ C
From the compactness of x− C ∩A and the continuity of gx on X, it
follows that for each x ∈ A+ C, there is y ∈ G1x such that
gy − xˆ = min	gz − xˆ  z ∈ G1x
So, y ∈ hx. Set α = min	gz − xˆ  z ∈ G1x. We say that there is
a unique y ∈ G1x satisfying gy − xˆ = α. If not, there is another y1 ∈
G1x such that y1 = y and gy1 − xˆ = α. For each λ ∈ 0 1, we have
gλy1 + 1− λy − xˆ = gλy1 − xˆ + 1− λy − xˆ
≤ λgy1 − xˆ + 1− λgy − xˆ = gy − xˆ
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Note that λy1 + 1− λy ∈ G1x = x− C ∩A. We have
gy − xˆ ≤ gλy1 + 1− λy − xˆ
Hence,
gλy1 + 1− λy − xˆ = gλy1 − xˆ + 1− λy − xˆ
= gy − xˆ = max	gy1 − xˆ gy − xˆ (5)
with y1 − xˆ = y − xˆ.
But in view of Proposition 2.1, which contradicts that g is strictly convex
norm, h is a single-valued map from A+ C to A.
First, we show that hx is continuous on A+ CF. Let x0 ∈ A+ CF,
and let a sequence 	xn ⊂ A+C with xn → x0; we will show that hxn →
hx0.
Notice that hxn = yn ∈ xn − C ∩A, where yn satisﬁes
gyn − xˆ = min	gz − xˆ  z ∈ G1xn = min	gz − xˆ  z ∈ Gxn
and
hx0 = y0 ∈ x0 − C ∩A = G1x0
where y0 satisﬁes gy0 − xˆ = min	gz− xˆ  z ∈ G1x0 = min	gz− xˆ 
z ∈ Gx0.
We need to show yn → y0. Since 	yn ⊂ A and A is a compact set, there
is a subsequence 	ynk of 	yn such that ynk → y¯ ∈ A. Since ynk ∈ xnk − C,
xnk − ynk ∈ C. Let k→∞. We have x0 − y¯ ∈ C. Hence
y¯ ∈ x0 − C ∩A = G1x0
Observing that y0 ∈ G1x0 ⊂ Gx0 xnk → x0, and Gx is lower semicon-
tinuous at x0 by Lemma 3.2, we can get a sequence 	y ′nk with y ′nk ∈ Gxnk
such that y ′nk → y0. Since g is continuous on X, for arbitrary ε > 0, there
exists a k0, where k ≥ k0, for which we have
gy ′nk − xˆ < gy0 − xˆ + ε
It follows from ynk ∈ G1xnk ⊂ Gxnk that
gynk − xˆ ≤ gy ′nk − xˆ < gy0 − xˆ + ε
Let k→∞. We get
gy¯ − xˆ ≤ gy0 − xˆ + ε
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By the arbitrariness of ε, we obtain
gy¯ − xˆ ≤ gy0 − xˆ
This with y¯ ∈ G1x0 implies that gy¯ − xˆ = min	gz − xˆ  z ∈ G1x0.
This means that y¯ ∈ hx0. Noting that hx is a single-valued map and
that y0 = hx0, we have y¯ = y0.
Now for any subsequence 	ynk of 	yn, by the compactness of the set
A, there exists a subsequence 	ynkj  with ynkj → ¯¯y ∈ A. Similar to the
above proof, we have ¯¯y = y0. Hence for any subsequence 	ynk of 	yn,
there exists a subsequence 	ynkj  of 	ynk converging to y0. This implies
that yn → y0. Thus hxn → hx0, and therefore h is continuous at x0.
Next, we show that h is a map from A + C to EAC. Since A ⊂
xˆ + C, we have x − C ∩ A ⊂ xˆ + C for each x ∈ A + C. Noting that
hx ∈ x− C ∩A and
ghx − xˆ ≤ gz − xˆ for all z ∈ x− C ∩A
we have hx ∈ Ex − C ∩AC by Lemma 3.3. It is clear that hx ∈
EAC (see Jahn [16, p. 140]).
Finally, we show that EAC is a contractible set. Since G1x = 	x
for all x ∈ EAC, we have
hx = x for all x ∈ EAC (6)
Since A+ CF is star shaped at a ∈ A+ CF, for any x ∈ A+ CF and
for any t ∈ 0 1, we have
tx+ 1− ta ∈ A+ CF
We deﬁne a map H from EAC × 0 1 to EAC:
Hx t = htx+ 1− ta
By Lemma 3.1, we know that EAC ⊂ A+ CF. Since hx is continu-
ous on A+CFHx t is continuous in both variables. Moreover, by (6),
for every x ∈ EAC,
Hx 1 = hx = x
Hx 0 = ha ∈ EAC
In this way, EAC is indeed a contractible set. The proof is com-
pleted.
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It is clear that if a closed convex cone C has a bounded base, then C
is normal. However, the converse does not hold. For example, the spaces
IPLP1 < p < +∞ Ca b c, and c0 are normed spaces whose
positive cones are normal but do not have bounded bases.
In Lemma 3.1 in [19] it is stated that the set-valued map Gx = x −
C ∩ A+ C is continuous at the set riA+ C. By Lemma 3.2, we must
have that if riA+C = , then set EAC ∪ riA+C ⊂ A+CF, and
it is star shaped at some a ∈ riA+ C.
As mentioned above, our result is new.
If intA+ C = , in view of Lemma 3.1, intA+ C ⊂ A+ CF and
EAC ⊂ A + CF. Similar to the proof of Theorem 3.1, we have the
following theorem.
Theorem 3.2. Let X be a real separable normed space and let C ⊂ X
be a normal cone. Assume that A is a compact convex subset of X and there
exists xˆ ∈ X with A ⊂ xˆ + C. Furthermore, assume that intA + C = .
Then the set EAC is contractible.
4. THE PATH CONNECTEDNESS OF THE
HENIG EFFICIENT POINTS SET
Let C be a closed convex cone with a base B, and we can associate C
with another closed convex cone CεB deﬁned by
CεB = clconeB + εU
where 0 < ε < δ = inf	b  b ∈ B and U is the closed unit ball of X.
If 0 < ε < ε′ < δ, then CεB is a closed convex pointed cone, C\	0 ⊂
intCεB, and CεB ⊂ coneB + ε′U. Moreover, if C is normal, then
CεB is also normal (see [3]).
For each 0 < ε < δ, similar to Theorem 2.1, from CεB, we can con-
struct a norm gε on X satisfying that (i) gε is continuous on X; (ii) gε is
strongly monotonic on CεB; and (iii) gε is strictly convex on X.
Let A be a subset of X. A vector x0 ∈ A is called a Henig efﬁcient point
of A if there exists some 0 < ε < δ such that
x0 − CεB ∩A = 	x0
The set of all of the Henig efﬁcient points of A is denoted by HAC.
Theorem 4.1. Let X be a real separable normed space, and let C be a
normal cone in X which has a base B. Assume that A is a compact convex
subset of X and there exists xˆ ∈ X with A ⊂ xˆ+ C. Then HAC is a path
connected set.
properties of efﬁcient point sets 475
Proof. Take any x1 x2 ∈ HAC. By the deﬁnition, there exist 0 <
ε1 < δ and 0 < ε2 < δ such that
x1 − Cε1B ∩A = 	x1
and
x2 − Cε2B ∩A = 	x2
Let ε1 < ε2. Then x1 x2 ∈ EACε1B. Since C is normal, Cε1B is
also normal. From A ⊂ xˆ + C, we have A ⊂ xˆ + C ⊂ xˆ + Cε1B. More-
over, by C\	0 ⊂ intCε1BA + C\	0 ⊂ A + intCε1B ⊂ intA +
Cε1B. In view of Theorem 3.2, EACε1B is contractible. Hence there
exists a continuous map H from EACε1B × 0 1 to EACε1B
such that Hx 1 = xHx 0 = x0 for all x ∈ EACε1B and some
x0 ∈ EACε1B. Deﬁne f  0 1 → EACε1B with
f t =


Hx1 1− 2t 0 ≤ t ≤ 12 ,
Hx2 2t − 1 12 ≤ t ≤ 1.
It is clear that f 0 = x1 f 1 = x2, and f is continuous. Thus f  0 1 →
EACε1B ⊂ HAC is a path joining x1 to x2, and hence HAC is
path connected.
5. PATH CONNECTEDNESS OF THE IMAGE OF A
PATH-CONNECTED SET
Let AB be metric spaces and let F be a set-valued map from A to B.
The following theorem, which was proved by Naccache [21] and Warburton
[24], states that upper semicontinuous set-valued maps preserve the con-
nectedness property.
Theorem 5.1. Suppose that A is connected and that Fx is nonempty
and connected for each x ∈ A. If F is upper semicontinuous, then FA =
∪	Fx  x ∈ A is connected.
Choo et al. [4] have shown that if the upper semicontinuity of F in
Theorem 5.1 is replaced by the lower semicontinuity, then FA is also
connected.
Theorem 5.1 and the result of [4] are useful in the investigation of the
connectedness of an efﬁcient solutions set. We know that a path-connected
set is connected, but a connected set need not be path connected. In this
section we discuss the path connectedness of an image of a connected set.
Using Michael’s selection theorem, we have the following result.
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Theorem 5.2. Let A be a parecompact Hausdorff path connected space
and let Y be a Banach space. Assume that
(i) F  A→ 2Y is a lower semicontinuous set-valued map.
(ii) The set Fx is nonempty, closed, and convex for each x ∈ A.
Then FA is a path-connected set.
Proof. Take any y1 y2 ∈ FA with y1 = y2. There exist x1 x2 ∈ A such
that y1 ∈ Fx1 y2 ∈ Fx2. We consider the two cases.
Case (a), x1 = x2. We have y1 y2 ∈ Fx1. We deﬁne a map f  0 1 →
FA,
f t = ty2 + 1− ty1 t ∈ 0 1
It is clear that f is continuous and f 0 = y1 f 1 = y2. By the convexity
of Fx1 f  0 1 → Fx1 ⊂ FA is a path joining y1 to y2.
Case (b), x1 = x2. For y1 ∈ Fx1, deﬁne a set-valued map G1 A →
2Y ,
G1x =


y1 if x = x1,
Fx if x = x1.
We show that G1 is lower semicontinuous on A. For x ∈ A, if x =
x1, then G1x = Fx. Since F is lower semicontinuous at x and A is
Hausdorff, we can see that G1 is lower semicontinuous at x. If x = x1,
then G1x1 = y1. For any neighborhood Uy1 of y1. Since y1 ∈ Fx1 and
F is lower semicontinuous at x1, there exists a neighborhood V x1 of x1
such that
Fx ∩Uy1 =  for all x ∈ V x1 (7)
When x = x1, G1x1 = y1, we have
G1x1 ∩Uy1 =  (8)
When x = x1, and x ∈ V x1, we have G1x = Fx. By (7),
G1x ∩Uy1 = 
Thus,
G1x ∩Uy1 =  for all x ∈ V x1
This means that G1 is lower semicontinuous at x1; therefore G1 is lower
semicontinuous on A. It is evident that G1x is convex closed for each
x ∈ A.
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Now for the above y2 ∈ Fx2, since x2 = x1, Fx2 = G1x2; therefore
y2 ∈ G1x2. Deﬁne a set-valued map G2 A→ 2Y ,
G2x =


y2 if x = x2,
G1x if x = x2.
With an argument similar to the proof above, we know that G2 is a lower
semicontinuous set-valued map and G2x is convex closed for each x ∈ A.
By Michael’s selection theorem (see [25, p. 466]), G2 A → 2Y has a
continuous selection ϕ A→ Y , that is, ϕ A→ Y is a continuous single-
valued map with ϕx ∈ G2x for each x ∈ A.
If x = x1, then ϕx1 ∈ G2x1 = G1x1 = 	y1; we have ϕx1 = y1.
If x = x2, then ϕx2 ∈ G2x2 = 	y2; we have ϕx2 = y2. If x = x1
and x = x2, then ϕx ∈ G2x = Fx. Since A is path connected, for the
above x1, x2 ∈ A, there is a continuous map g 0 1 → A with g0 =
x2 g1 = x1. It is evident that ϕ ◦ g is a continuous map from [0, 1] to
FA with ϕ ◦ g0 = y2 ϕ ◦ g1 = y1. ϕ ◦ g 0 1 → FA is a path
joining y1 to y2.
Finally, if y1 = y2, it follows from Fx1 being convex that f t = ty1 +
1− ty2 ∈ Fx1 ⊂ FA. From the above proof, we can see that FA is
path connected. The theorem is proved.
If A is compact or A is a metricizable space, we know that A is a para-
compact space. In the investigation of the connectedness of an efﬁcient
solution set in vector optimization theory, the set A is often assumed to
be compact. Therefore Theorem 5.2 will be useful for discussing the path
connectedness of efﬁcient solution sets.
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